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So if we denote by ¢ the difference between the difference quotient and the derivative,
we obtain

lim € = lim (& f'(a)> =fa) —fla) =0

Ax—0 Ax—0 Ax

A
But 8=A—y—f’(a) > Ay = f(a) Ax + & Ax
X
Thus, for a differentiable function f, we can write
[7] Ay = f'(a) Ax + € Ax where e — 0 as Ax — 0

This property of differentiable functions is what enables us to prove the Chain Rule.

Proof of the Chain Rule Suppose u = g(x) is differentiable at a and y = f(u) is differen-
tiable at b = g(a). If Ax is an increment in x and Au and Ay are the corresponding incre-
ments in # and y, then we can use Equation 7 to write

Au=g'(a) Ax + &1 Ax = [g'(a) + &1] Ax

where &, — 0 as Ax — 0. Similarly
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